We discuss string theory α ′ corrections in the dual description of the expanding boost invariant N = 4 supersymmetric Yang-Mills plasma at strong coupling. We compute finite 't Hooft coupling corrections to the shear viscosity and find that it disagrees with the equilibrium correlation function computations. We comment on the possible source of the discrepancy.
Introduction
Recent work by Janik and collaborators [1, 2, 3] (see also [4] ) opened a possibility to study non-stationary/non-equilibrium processed in gauge theories using their dual string theory formulation [5, 6] . In fact, one might try to use gauge theory/string theory correspondence to define non-equilibrium Quantum Field Theory dynamics 1 .
For example: in principle, one can use AdS/CFT correspondence to extend MullerIsrael-Stewart theory of dissipative relativistic hydrodynamics [8, 9] to arbitrary order in deviation from the equilibrium.
Even though the framework proposed in [1] can not be consistently implemented within a supergravity approximation of the string theory dual to N = 4 supersymmetric Yang-Mills (SYM) plasma in the Bjorken flow [10] (see [11] ), if correctly reproduces the equilibrium and near-equilibrium properties of the N = 4 SYM plasma obtained from the equilibrium correlation functions, i.e., the equilibrium equation of state [12] , its shear viscosity at infinite 't Hooft coupling [13] , and its relaxation time 2 [17] . Furthermore, this agreement appears to be unaffected by the subtleties associated with the breakdown of the supergravity approximation. Given substantial potential of the Janik's framework 3 , we believe it is important to further explore its regime of validity.
As we already mentioned, the shear viscosity of the N = 4 plasma at infinite coupling is a robust prediction within Janik's framework [2] . In this paper we compute finite t' Hooft coupling corrections (corresponding to string theory α ′ corrections in the dual formulation) to the N = 4 plasma. Since physically equivalent results extracted from the equilibrium correlation functions are already available [18, 19] , our analysis provides a test of the framework [1] beyond the supergravity approximation. We find that the finite coupling corrections to the shear viscosity of the N = 4 plasma extracted from the string theory dual to its Bjorken flow disagrees with the equilibrium correlation function computations.
The paper is organized as follows. In the next section we review the results of [18, 19] , the dual string theory model within which such computation were performed, and emphasize the self-consistency of the obtained results 4 . We further summarize our new results for shear viscosity at finite 't Hooft coupling. In section 3 we describe our 1 For an approach alternative to [1] see [7] . 2 Related work appeared in [14, 15, 16] . 3 One can formulate and study questions such as dynamical hadronization in this approach. 4 For a recent review of the Janik's framework and its clarification see [11] .
string theory computational framework introduced in [20] . The analysis are incredibly complicated and thus we focus on explaining the consistency checks on our analysis (fortunately, there are lots of such consistency checks). In section 4 we summarize equations of motion describing α ′ correction to the supergravity background dual to late-time Bjorken flow of the N = 4 plasma. We also present analytic solutions to these equations. In section 5 we map the results of the string theory computation to the near-equilibrium Muller-Israel-Stewart (MIS) theory and extract the leading correction to the SYM plasma shear viscosity. We conclude in section 6. Appendix contains some technical details; further computation details are available from the author upon request.
Shear viscosity of the N = 4 SYM plasma at finite 't Hooft coupling
Consider N = 4 SU(n c ) SYM plasma in the ('t Hooft) large-n c limit: we take the Yang-Mills coupling g 2 Y M → 0 and n c → ∞ in such a way that the 't Hooft coupling λ,
remains finite. We are interested in the transport properties of the plasma at strong coupling, i.e., λ ≫ 1. In this limit the useful description of the N = 4 plasma is in terms of holographically dual background of near-extremal black 3-brane geometry in the supergravity approximation of the type IIb string theory. The supergravity approximation is exact at λ = ∞, in which case one finds [13, 21, 22 ] the speed of sound c s , the shear viscosity η, and the bulk viscosity ξ correspondingly
In the supergravity approximation the entropy density s is
leading to the viscosity-to-entropy ratio
In a hydrodynamic approximation to near-equilibrium dynamics of hot gauge theory plasma there are several distinct ways to extract the transport coefficients (2.2). First [13] , the shear viscosity can be computed from the two-point correlation function of the stress-energy tensor at zero spatial momentum via the Kubo formula
Second [21] , diffusive channel two-point retarded correlation function of the stress energy tensor, for example,
where the shear diffusion constant D is
Finally, all the transport coefficients (2.2) can be read off from the dispersion relation of a pole in the sound wave channel two-point retarded correlation function of the stress energy tensor, for example,
In [18] , using the Kubo formula, the finite 't Hooft coupling correction to the ratio (2.4) was computed. Such corrections were further extracted from the two-point retarded correlation functions (2.6) and (2.9) in [19] . Much like as for the infinite 't Hooft coupling, all three approaches led to the same result:
The computation leading to (2.11) were performed in the supergravity approximation to type IIb string theory including the leading α ′ correction
φ W + ... , (2.12)
in terms of the SYM 't Hooft coupling λ, and
A somewhat uncontrollable approximation 5 used in [18, 19] (and earlier in [23] ) was an assumption that in a chosen scheme (2.12), the self-dual F 5 form does not receive order (α ′ ) 3 corrections. Though the agreement of the shear viscosity extracted from different boundary correlation functions at order O(γ) computationally appears to be rather dramatic 6 , a recent work [24] suggests that such an agreement is automatically encoded in any gravitational model, perhaps similar to the way the thermodynamic relation between the energy (E), free energy (F ) and the entropy densities F = E − T s is encoded in the horizon geometries [25] .
In [2] the ratio of the shear viscosity to the entropy density at infinite 't Hoof coupling was computed for the Bjorken flow of the N = 4 SYM plasma, and the result was found to agree with (2.4). In this paper we compute leading order finite 't Hooft coupling correction to η/s for the N = 4 plasma in the Bjorken flow. We use string theory effective action (2.12), which is expected to reproduce (2.11) obtained from the equilibrium correlation function computations. Unfortunately, we report here a disagreement with (2.11):
In principle, analysis are very straightforward:
we compute α ′ corrections to the gravitational background dual to boost invariant Bjorken expansion on the boundary; as in [2] , we fix some of the parameters 7 of the α ′ corrected geometry by requiring nonsingularity of the string theory background to order O(τ −4/3 ) in the late proper time expansion;
5 This is related with difficulties of deriving α ′ corrected string theory effective action in the presence of nontrivial RR fluxes. 6 For example, using (2.9), (2.10) one has to take into account α ′ corrections to the black three brane temperature [23] . 7 Amusingly, not all parameters can be fixed from the nonsingularity condition [1] . Despite this, our answer for the viscosity ratio (2.15) is unambiguous.
we use α ′ corrected holographic renormalization (see [20] ) to evaluate the energy density of the expanding N = 4 plasma;
as in [11] we interpret the string theory computation in the framework of the MullerIsrael-Stewart theory of dissipative relativistic hydrodynamics 8 .
Given the computational complexity of the analysis and the disagreement we claim to exist between equilibrium correlation function computation and the Bjorken flow computation of the plasma shear viscosity at finite 't Hooft coupling, the remainder of the paper focuses on explaining the consistency checks we performed.
Computational framework
The most difficult step in the analysis is to obtain α ′ -corrected supergravity equations governing the SYM Bjorken flow at finite 't Hooft coupling. As in [20] , we first derive effective action for the warp factors of the gravitation background, and then determine α ′ -corrected equations of motion. As explained in [11] , choosing a Bjorken frame, fixes reparametrization of a radial and a proper time coordinates, which leads to two first order differential constraints (at each order in the late proper time expansion) on the warp factors. Not only these constraints are important consistency checks on the obtained system of equations, but they are also crucial to pick up correct solutions 9 .
If one naively obtains effective action for the warp factors, the constraints are lost.
We explain how to properly derive effective action, so that the reparametrization constraints are kept. As in the supergravity approximation, the α ′ corrected constraints will provide vital consistency checks.
Supergravity approximation: effective action, constraints and the solution
The supergravity background holographically dual to a Bjorken flow of the N = 4 plasma takes form [1, 11] while modify the interpretation of the plasma relaxation time, does not affect the determination of its shear viscosity compare to the analysis of [11] . 9 These constraints fix some of the integration constants.
where (dS 5 ) 2 is the line element for a 5-dimensional sphere with unit radius, and
where dx
where ω S 5 is the 5-sphere volume form. Moreover, the dilaton is φ = φ(τ, z).
Notice that choosing the five-dimensional metric as in (3.2) fixes the (τ, z) reparametrization invariance so that
Substituting the ansatz (3.1)-(3.3) into type IIb supergravity action 11 ( the γ = 0 approximation of (2.12) ) one obtains naive effective action for the scalars {a, b, c, α, φ}:
Clearly, from (3.5) one obtains only five second order PDE's, instead of seven, as in [11] . The reason that is happening is because the reparametrization constraints (3.4) are imposed directly on the action, instead on the equations of motion.
In order the keep constraints within the effective action approach we deform the five dimensional metric (3.2) as follows
Constraints (3.4) now correspond to
10 We normalize the five-form flux so that the asymptotic AdS radius is one.
11 As usual, care should be taken with the self-dual five-form. The correct contribution to the effective action from the five-form is
, see [11] .
Next, we evaluate the supergravity action on (3.6), (3.3)
While it is important to maintain full nonlinear contributions for the "physical" scalars {a, b, c, α, φ} in S ef f , it is sufficient to evaluate (3.8) to linear order in {h, g}. The equations of motion derived from S ef f , followed by fixing the reparametrization invariance as in (3.7) 9) are precisely equivalent to the full set of equations derived in [11] (see eq. (3.12)-(3.18)).
Equations ( 
We find it useful (especially when we generalize our effective action approach to the full action (2.12) ) to rewrite S ef f as a functional of
i.e., fields depending on the scaling variable (3.10). When we do this, it is important to note the modification of the effective action measure
Solving (3.9) in the scaling variable v and with the boundary conditions
with
14)
for arbitrary parameters {η, C}.
Beyond the supergravity approximation
To go beyond the supergravity approximation we deform proper late time expansion for the physical fields (3.12) as
where we assumed that as λ → ∞
Substituting (3.16) into (2.12) we can obtain effective action for
We need to expand the supergravity part of (2.12) to quadratic order in the fields (3.18), while it is sufficient to evaluate the γe −3/2φ W term in (2.12) to linear order in (3.18). As explained in the previous section, in order to obtain reparametrization constraints we further need to evaluate the whole action (2.12) to linear order in {h, g}.
Resulting effective action can be organized as follows
+ γL
+ γL 19) where, given (3.17), the superscript in L indicates the leading scaling behaviour as
Notice that we suppressed explicit dependence on {η, C} in the decomposition of L γ ef f .
In the rest of this subsection we present further decomposition of L q , and explain the structure of the consistency checks on the example of the equation of motion for a 2 .
In the following expressions all L's do not scale as τ → ∞ -the explicit scaling dependence is factored out. A superscript indicates whether a term comes from the supergravity part of (2.12), or from the O(γ)-correction in (2.12); the subscripts indicate order of fields on which a lagrangian term depends. For example, the subscript in
is strictly bilinear in order order-2 and order-1 fields:
while the subscript in L (1, 1) implies that such a term is strictly quadratic in order-1 fields
A single subscript indicates the order of fields on which the corresponding lagrangian term depends linearly. Finally, no subscript indicates that the lagrangian terms are independent of (3.18), but are linear in either h or g. Notice that lagrangian terms with a single subscript coming from the supergravity part of (2.12) are necessarily linear 12 in either h or g. The latter implies that reparametrization constraints at leading order in γ appear as O(γ), and thus in the lagrangian terms which are either bilinear or quadratic in the fields (3.18) we can set h = g = 0. For the same reason we can set h = g = 0 in the lagrangian terms of order O(γ 2 ) coming from the O(γ)-correction in (2.12).
Order-0
We find
Equations of motion forâ 2 and consistency check on lower order solution
Consider a variation
Given (3.19), (3.24), we have
27) 13 The term
does not contribute as it can only be bilinear in bothâ 2 and either h or g.
with obvious notations. For example:
. but also would produce a consistency tests on the order-0 and order-1 solutions: Altogether, there are 10 consistency constraints when deriving equations for order-2 field deformations, and 5 consistency constraints when deriving equations for order-1 field deformations. We explicitly verified that all such constraints are satisfied.
Equations of motion and solutions for (3.18)
We obtain equations of motion (including the constraints) at each order i = 0, 1, 2 for (3.18) as explained in the previous section. It is important that in deriving these equations of motion a field is assumed to depend both on {τ, v}. Once the equations of motion are computed, we can assume
All the equations must be solved with the boundary conditions
Order-0
To leading order we find the following system of equations 0 =ĉ
0 =ĉ
0 =α
0 =φ 14 Altogether we expect 10 integration constants; setting nonnormalizable components of the fields to zero fixes 5 integration constants; the two constraints fix another 2 integration constants. However, once we chose
the curvature invariant (4.14) is finite. We verified that for (4.15) all other curvature invariants (including those discussed in [11] ) are finite.
Notice that unlike studies of the string theory dual of the Bjorken flow in the supergravity approximation [1, 2, 3, 11] , here the background geometry is not completely fixed from the nonsingularity condition -two arbitrary integration constants {δ 1 , β 2 } remain. Though β 2 does not affect the holographic stress energy tensor of the background geometry, the latter does depend on δ 1 . Additional arbitrariness will appear at higher orders, however, the string theory computation when properly matched to the near-equilibrium SYM dynamics provides unambiguous predictions for plasma transport properties. We further comment on the physical origin of the arbitrariness in section 5.
Order-1
Using results of the previous subsection, including (4.15), we find the following set of equations for the next-to-leading order in the late proper time expansion at order O(γ) 0 =ĉ 
where the source terms {S (1,1) , · · · , S (1,7) } are given in Appendix A. As before, while the system (4.16)-(4.22) is overdetermined, we explicitly verified that it is consistent.
Most general solution to (4.16)-(4.22), subject to the boundary conditions (4.1), is parametrized by three new arbitrary constants {δ 2 , β 3 , β 4 }:
23)
24)
25)
26)
(4.27)
For a generic choice of β 3 the curvature invariants of the ten-dimensional geometry (3.1) will be singular as v → 3
− . For example,
However, once we chose
the curvature invariant (4.28) is finite. We verified that for (4.29) all other curvature invariants (including those discussed in [11] ) are finite.
At this stage we have four arbitrary integration constants: {δ 1 , β 2 , δ 3 , β 4 }.
Order-2
Using results of the previous two subsections, including (4.15) and (4.29), we find the following set of equations for the next-to-next-to-leading order in the late proper time − , and then solve just for those combinations of field.
Up to now, all our equations and solutions are exact inη. We assume now that 
R
For Ricci scalar we find (there is no dependence on order-2 fields here)
From (4.39) we find that Ricci scalar of the string theory geometry is nonsingular as
which is precisely the condition found from the nonsingularity of Riemann tensor squared [2] , as well as higher curvature invariants [11] , in the supergravity approximation to the string theory dual of the N = 4 SYM Bjorken flow. The difference here (compare to [2, 11] ) is thatη 0 is already fixed by requiring the nonsingularity of the Ricci scalar 15 .
R µνρλ R µνρλ
A bit more work is necessary to determine the nonsingularity condition of Riemann tensor squared at order O(γ). Generalizing the notation of [11] − . We find
where
and δI 2 (v) does not depend on order-2 fields, and can be evaluated explicitly − , provided
Notice that whileη 0 (4.40) is determined unambiguously from the nonsingularity condition of the background geometry, the absence of singularities is not a powerful enough constraint to fixη 1 . As we already mentioned, this fact will not preclude us from computing a definite ratio of shear viscosity to the entropy density.
R µν R µν
Analysis of the square of the Ricci tensor can be performed in the same way as for the Riemann tensor square. We find
were we explicitly indicated dependence on order-2 fields. We argued above thatα 2 (v)
can be chosen to be finite as v → 3
1/4
− ; this would guarantee the nonsingularity of R µν R µν to orders O(τ −4/3 ) and O(γ).
Higher order curvature invariants
As in [11] we denote 
Given complexity of analysis, we checked at order O(τ −4/3 ) only 17 nonsingularity of I [4] . Keeping explicit only fields at order-2, we find No new analysis of order-2 fields are necessary here to verified that (4.56) is nonsingular precisely for (4.51).
Shear viscosity for the Bjorken flow of N = 4 SYM plasma
In previous section we analytically evaluated α ′ -corrected supergravity background dual to a Bjorken flow of N = 4 SYM plasma at finite coupling to order O(τ −2/3 ) in the late proper time expansion. We can now extract the boundary energy density ǫ(τ ) from the one-point correlation function of the boundary stress energy tensor using the α ′ -corrected holographic renormalization developed in [20] . We confirmed that the final expression for the energy density can be evaluated as in the supergravity approximation [1, 2, 11] :
Using (3.16), (4.9), (4.23), (4.37), (4.40) and (4.51) we find
Notice that even though η 1 depends on an arbitrary integration constant δ 2 , see (4.51), such a dependence disappears in (5.2).
The string theory result (5.2) should now be interpreted within Muller-IsraelStewart theory [8, 9] . For the Bjorken flow of the N = 4 SYM plasma we expect
where Λ is an arbitrary scale, related to the initial energy density of the expanding plasma, and
is the ratio of shear viscosity to entropy density. Notice that in (5.3) we have to use N = 4 equation of state at finite 't Hooft coupling 18 , see [23] . Matching the leading terms in the late time expansion in (5.2) and (5.3) we find 5) which implies that 6) leading to the result quoted in (2.15) . Notice that the remaining arbitrary integration constant δ 1 got "absorbed" into a definition of an arbitrary scale Λ. The physical observable, i.e., the ratio of shear viscosity to entropy density (5.6) is evaluated unambiguously.
Conclusion
In this paper we evaluated finite 't Hooft coupling correction to strongly coupled N = 4 SYM plasma undergoing 1+1-dimensional Bjorken expansion. Such finite coupling correction corresponds to string theory α ′ corrections in the supergravity dual to the boost invariant plasma expansion proposed by Janik and collaborators [1, 2, 3] . We 18 We would like to thank Romuald Janik for pointing this out.
extracted the ratio of shear viscosity to entropy density at large, but finite, 't Hooft coupling. Our result is in conflict with analysis of shear viscosity of strongly coupled SYM plasma extracted from the equilibrium two-point correlation functions of the boundary stress energy tensor [18, 19] .
Though we do not currently understand the source of the discrepancy, there are two potential outcomes.
First, the nonsingularity approach of [1, 2, 3] is simply inconsistent -it was shown in [11] that it is definitely inconsistent within the supergravity approximation at high orders in the late proper time expansion ( though it appears to be well-defined in the first two orders necessary to compute shear viscosity of N = 4 plasma in the supergravity approximation ).
The discrepancy might be due to using incorrect effective string theory action (2.12), as a dual to N = 4 dynamics at large, but finite, 't Hooft coupling. Specifically, the full set of α ′ corrections to RR fluxes is unknown. It is conceivable that proper inclusion of α ′ corrections to the RR fluxes would reconcile two results (as it must be). A starting point for such analysis could be the α ′ effective action proposed in [26] .
We believe resolution of the puzzle presented here deserves further study. 
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B Appendix: Source terms for eqs. (4.30)-(4.36)
We find it convenient to express the source terms at this order implicitly in the background warp factors {a 2 , b 2 , c 2 }, while using equations of motion for the supergravity background to eliminate higher than second derivatives 19 . For convenience, we present these equations here [2, 11] a
19 The highest derivative is the fourth. 
